Chemically active droplets are nonequilibrium systems that combine phase separation with chemical reactions. We here investigate how the activity introduced by the chemical reactions influences solid particles inside such droplets. We find that passive particles are centered in active droplets governed by first-order reactions. In autocatalytic active droplets, only catalytically active particles can be centered. An example of such systems in biology are centrosomes. Our study can account for the observed positioning of centrioles and provides a general mechanism to control the position of particles within chemically active droplets. DOI: 10.1103/PhysRevLett.121.158102 Liquid droplets can be driven away from thermal equilibrium by chemical reactions that take place inside a droplet or in its environment. The combination of phase separation and chemical reactions generates dynamical features in such active droplets that do not occur in conventional passive droplets. For instance, Ostwald ripening can be suppressed [1] , and droplets can divide spontaneously [2] . Examples for active droplets can be found in living cells, where the formation of dropletlike assemblies plays an important role in the spatial organization of chemical processes [3] [4] [5] [6] [7] . Since cellular processes are tightly controlled, studying such droplets can shed light on new physical mechanisms for controlling liquid droplets in nonequilibrium environments.
Liquid droplets can be driven away from thermal equilibrium by chemical reactions that take place inside a droplet or in its environment. The combination of phase separation and chemical reactions generates dynamical features in such active droplets that do not occur in conventional passive droplets. For instance, Ostwald ripening can be suppressed [1] , and droplets can divide spontaneously [2] . Examples for active droplets can be found in living cells, where the formation of dropletlike assemblies plays an important role in the spatial organization of chemical processes [3] [4] [5] [6] [7] . Since cellular processes are tightly controlled, studying such droplets can shed light on new physical mechanisms for controlling liquid droplets in nonequilibrium environments.
A particular interesting example of active droplets in cells are centrosomes [8] . A centrosome consists of a soft pericentriolar material (PCM) [9] [10] [11] [12] , which can be described as a droplet phase that grows via an autocatalytic chemical process [8, 13] . This droplet phase is nucleated by the catalytic activity of a pair of centrioles. These are nanoscale structures that are embedded in the droplet material and are typically observed near the geometric center of the spherical centrosome. The control of nucleation by catalytically active centrioles ensures that mitotic cells possess exactly two centrosomes of similar size to organize the bipolar mitotic spindle [14] . These findings raise the question of what physical mechanisms govern the spatial organization of centrosomes and, more generally, how passive and active particles are positioned inside active droplets.
Here, we present a general physical mechanism for the positioning of particles inside active droplets. This positioning is mediated by nonequilibrium fluxes associated with chemical reactions. We base our study on the general theory of chemically active droplets that combines classical phase separation with reaction-diffusion systems. For simplicity, we consider a two-phase system that is sufficient to illustrate the general principles [1] . Chemical reactions induce transitions between two molecular species A and B that phase separate. The droplet is formed by a phase that is rich in B which coexists with a solvent phase characterized by high A concentration. Following our earlier approach [1, 8] , we denote by ϕ A ðr; tÞ and ϕ B ðr; tÞ the local volume fractions of A and B molecules, respectively. The remaining volume fraction of the solvent is thus ϕ
In the bulk phases away from the interface, components diffuse and are converted into each other by chemical reactions [1] :
For simplicity, we here consider the case of equal diffusivity D for both components, and we express the reaction flux using the terms of lowest order: The first-order transitions are associated with rate constants k AB and k BA , and we also consider a second-order, autocatalytic reaction A þ B → 2B with rate constant k, which is relevant for centrosomes [8] .
In the biological context, reactions are typically subject to external energy input, and their rates thus do not obey detailed balance. At the droplet interface, the chemical potentials of components A and B are continuous, and the pressure difference across the interface is given by the Laplace pressure γH, where γ denotes the surface tension and H is the local mean curvature of the interface. This provides conditions for the volume fractions ϕ B inside and outside the droplet at the interface, which we denote ϕ B − and ϕ B þ , respectively. They can be expressed as ϕ B AE ðRÞ ≈ ψ AE þ γβ AE HðRÞ at the droplet interface located at position R [8] . Here, ψ − and ψ þ denote the equilibrium volume fractions inside and outside of a flat interface, respectively, and the coefficients β − and β þ describe the influence of the Laplace pressure 2γH on the equilibrium volume fractions. Note that typical droplets in biological cells are not very dense in droplet material and can even be porous, like centrosomes [15] . This implies that a large fraction of the droplet volume is occupied by other components, which we capture by considering ψ − ¼ 0.1. In our model, the droplet material B segregates from the precursors A and the solvent C, while A and C mix, so that the precursors are soluble in the solvent. This corresponds to the condition ϕ A particle inside the droplet can contribute by its chemical activity. For instance, precursors A can be directly transformed to droplet material B by a first-order reaction A → B catalyzed at the particle surface, e.g., by centrioles in centrosomes [8] . We express the volume of droplet material B produced per unit area at the particle surface per unit time as q AB ϕ A ðr a Þ, where r a is a vector pointing at the particle surface and the parameter q AB > 0 characterizes the catalytic activity. Similarly, the particle might catalyze the reaction B → A, which we quantify by a parameter q BA > 0. Taken together, the boundary conditions at the particle surface then read
where j i ðr a Þ denote the fluxes normal to the particle surface for i ¼ A, B. Note that a passive particle (q AB ¼ q BA ¼ 0) imposes no-flux conditions at its boundary. We also impose no-flux conditions at the system boundary, so
r of the components A and B. Here, the integral is over the entire system volume V sys .
The shape of the particle inside the droplet can be described by a superposition of spherical harmonics. The concentration profiles inside and outside the droplet can also be decomposed in spherical harmonics. Since modes with higher degree decay more quickly with the radial coordinate r, deviations from a spherical particle shape are negligible in large droplets. Focusing on this case, we neglect all higher modes of the particle shape and approximate it by a sphere of radius a. Considering this situation in a spherical geometry, we find spherically symmetric stationary solutions of Eqs. (1)- (3) with droplet radiiR for which the particle is positioned in the geometric center of the droplet.
To investigate the stability of particle positioning and droplet shape, we consider the dynamics of small perturbations. Using a spherical coordinate system ðr; θ; φÞ centered on the particle, we parametrize the droplet shape R ¼ Re r by the radial distance Rðθ; φÞ. We decompose perturbations of a spherical steady state in terms of real spherical harmonics Y m l ðθ; φÞ:
where jε m l j ≪R are the mode amplitudes. The degree l determines the shape of the perturbation mode, where l ¼ 0 corresponds to volume changes, l ¼ 1 to translations with respect to the particle at the origin, and all higher l to shape changes. To linear order, the perturbations evolve in time as ε m l ðtÞ ¼ ε m l ð0Þe μ l t , where the perturbation growth rates μ l are independent of m. μ l can be determined by linearizing Eqs. (1)- (4) [2] . Perturbations with negative μ l decay in time, and the stationary state with radiusR is thus stable with respect to such perturbations. Conversely, positive μ l correspond to unstable perturbation modes.
Particle centering can be analyzed by studying the perturbation modes with l ¼ 1. These modes do not change the droplet shape and describe a relative movement of the droplet center with respect to the particle. Figure 1 indicates the interface motion of an asymmetric configuration of particle and droplet characterized by the distribution of droplet material B. The material fluxes implied by the gradients in ϕ B persist in the stationary state, which is a hallmark of the nonequilibrium conditions introduced by the chemical reactions [16] . Note that the direction of the fluxes depends on the details of the chemical reactions.
We start by analyzing first-order bulk reactions (k AB > 0, k BA > 0, k ¼ 0), where the droplet material B is predominately produced outside the droplet and diffuses inwards; see Fig. 1(a) . In this case, we find μ 1 < 0 for passive particles (q AB ¼ q BA ¼ 0), implying that the interface relaxes back to the spherically symmetric state and the central position of the particle is stable. This behavior can be understood by analyzing the fluxes at the droplet surface, which determine the interface dynamics; see Eq. (2). Moving the particle off center brings it closer to one part of the interface, reducing the flux j B − of B inside the droplet, since the particle imposes no-flux boundary conditions on the reaction-diffusion system given in Eqs. (1) . Conversely, the flux of B outside the droplet is unaffected. Taken together, this leads to a net gain of droplet material at the interface close to the particle, while regions farther away exhibit a net loss. This flux imbalance restores the spherical state and thus centers the particle.
A catalytic activity at the surface of the particle can modify the flux imbalance caused by an off-center position. The imbalance is enhanced when the particle catalyzes the production of droplet material (q AB > 0), implying that the central position is more stable in this case. In contrast, when the particle catalyzes the opposite reaction (q BA > 0), the flux imbalance might be reversed, since now droplet material is effectively removed by the particle, which has a stronger influence on closer interfacial regions; see the right panel in Fig. 1(a) . In fact, we observe that the central particle position is no longer stable when the catalytic activity q BA exceeds a threshold value q Ã BA . Figure 2 (a) shows that q Ã BA is independent of the surface tension but depends strongly on the overall activity of the chemical reactions in the bulk, emphasizing the nonequilibrium nature. In particular, q Ã BA vanishes when chemical reactions are negligible, implying that a passive particle is marginally stable and diffuses freely in a classical passive droplet.
The second class of chemical reactions that we consider are autocatalytic reactions in the bulk (k AB ¼ 0, k BA > 0, k > 0), which account for the dynamics of centrosomes [8] . In this case, droplet material B is predominately produced inside the droplet and exhibits an outwards flux; see Fig. 1(b) . The fluxes of A and B are thus oriented opposite to the case of first-order reactions discussed above. Consequently, we find that passive particles (q AB ¼ q BA ¼ 0) are not stably positioned in the center of the droplet. Similar to the case of first-order reactions, this instability is amplified if the particle catalyzes the production of precursors (q BA > 0). Conversely, we find that a sufficiently strong catalytic activity q AB can stabilize the particle at the geometric center; see the right panel in Fig. 1(b) . This behavior can again be understood by analyzing the fluxes at the droplet surface when the particle is positioned off center. At the interface closer to the particle, the material influx due to the chemical conversion at the particle is larger than the efflux away from the droplet, while the efflux dominates the influx at the interface farther away from the particle, causing retraction. 
. Additionally, we chose ε 0 1 ¼ 0.25 μm and adjustedφ such thatR ¼ 0.5 μm. The black arrows indicate the normalized velocity vn=jμ 1 j of the interface (black solid line) in a reference frame where the particle does not move. In the upper left and lower right panels, the particle is stably positioned in the center of the droplet after relaxation (shown as a dotted line). In the upper right and lower left panels, the state with a centered particle inside the droplet (dotted line) is unstable and the particle is moved off center.
Taken together, these flux imbalances restore the spherically symmetric state and center the particle. The minimal catalytic activity q Ã AB , beyond which the particle is centered in the droplet, decreases for smaller surface tension and weaker chemical reactions; see Fig. 2(b) . In particular, q Ã AB is typically much smaller than the catalytic activity necessary for guaranteed nucleation of the droplet around the particle [8] .
So far, we have not considered the diffusive motion of the particle inside the droplet, which opposes centering. The competition between particle centering by active processes and diffusion can be discussed using an overdamped Langevin dynamics for the particle motion. Here, the diffusivity D a ¼ k B T=ζ is related to the drag coefficient ζ ¼ 6πηa, which scales with the viscosity η of the droplet. The effect of centering can be represented by a harmonic potential of stiffness − 1 2 ζμ 1 acting on the particle. In the steady state of this simplified picture, the particle position is then normal distributed with variance σ 2 ¼ −D a =μ 1 . Consequently, particle centering can be observed when the associated standard deviation is small compared to the droplet radius, σ ≪R.
We can apply our theory to discuss the specific example of centrosome organization. The model parameters for centrosomes have been derived in Ref. [8] and are given in Fig. 1(b) . Using the associated growth rate μ 1 ≈ −10 −4 s −1 together with the viscosity η ≈ 5 × 10 4 Pa s estimated for centrosomes [17] , we find σ ≈ 0.02 μm. This standard deviation is small compared to the typical centrosome size ofR ≈ 1 μm, so Brownian motion is negligible and our model accounts for centered centrioles under physiological conditions.
In order to investigate the position of centrioles inside centrosomes, we quantified centriole positions using previously published electron tomograms of centrosomes in the one-cell stage of Caenorhabditis elegans embryos [18] . Figure 3(a) shows a reconstruction of the microtubules of one mitotic centrosome. Here, centrioles can be identified by their symmetric arrangement of microtubules around a central tubular structure made of proteins [19] . In particular, the positions of the mother centriole (red) and of its daughter (yellow) can be defined as the center of mass of their microtubules. It is more difficult to define the centrosome center x 0 . We use the predominant radial orientation of the remaining microtubules to define x 0 as the focal point of the microtubule axes. The maximum of the associated radial microtubule density profile marks the centrosome radius R ¼ ð1.23 AE 0.04Þ μm (standard deviation, n ¼ 4), which is large compared to the centriole length of ð0.22 AE 0.07Þ μm. Taken together, we quantify the centriole position by the nondimensional centering coefficient ζ i ¼ jx i − x 0 j=R, where x i denotes the position of the mother, its daughter, or the centriole pair. Figure 3(b) shows that both centrioles are typically located close to the center.
An interesting observation is that the mother centriole is often significantly closer to the center than its daughter. Our model can account for this if the mother centriole has a larger catalytic activity than the daughter. In fact, the daughter centriole could be passive and located close to the center, because it is physically tethered to the mother centriole [19, 21] . In this case, the particle of radius a in our model would represent only the mother centriole with enzymatic activity q AB . This picture, which neglects effects due to the daughter centriole, is consistent with the fact that the daughter centriole has to mature before it is fully competent to duplicate again [21, 22] and that only the mother centriole initiates centrosome growth [23] . The difference in the centriole positioning of mother and daughter thus suggests that this maturation is also required for organizing PCM around the centrioles. For instance, the kinases that mediate the catalytic activity may be recruited only to the fully competent mother centrioles.
In summary, our work shows that particles can be positioned in droplets by material fluxes induced by chemical reactions in the bulk and at the particle surface. Centering of the particle is promoted if droplet material is produced at the particle or outside the droplet. Conversely, the particle is not centered if the material fluxes are reversed when droplet material is produced inside the droplet or degraded at the particle. Particle centering thus depends on the direction of the compositional fluxes created by the chemical reactions.
Compositional fluxes might generally play a role in organizing biological droplets with an internal structure [24] . To describe such systems quantitatively, it will be important to include fluctuations and hydrodynamic effects in the model to account for the dynamics of the small droplets found in biological cells. Moreover, if the droplet size is comparable to the size of an enclosed particle, the particle shape will affect the compositional fluxes and the droplet shape significantly. Conversely, a spherical droplet shape indicates that the shape of the particle is insignificant.
Our work shows that the combination of phase separation with chemical reactions provides detailed control over Experimental data of centrosomes reconstructed from electron tomograms [18] . (a) Representation of the microtubules in a 0.7-μm-thick slice through the centrosome "Metaphase 2." The microtubules of the mother centriole (red) and its daughter (yellow) are highlighted at the center of the pericentriolar droplet material (indicated by a dotted circle) occupying the central region [20] . (b) Centering coefficients ζ i of the mother centriole, the daughter centriole, and the centriole pair for the four centrosomes with fully reconstructed centrioles published in Ref. [18] .
the behavior of droplets, which might be exploited in technical applications. For this, it will be important to understand how the compositional fluxes affect the interaction between active droplets and thus the behavior of emulsions of such droplets. Moreover, analyzing this new class of active matter will advance our understanding of nonequilibrium thermodynamics.
